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Abstract
When working in synchronous gauges, pseudo-tensor conservation laws are often
used to set the initial conditions for cosmological scalar perturbations, when those
are generated by topological defects which suddenly appear in an up to then per-
fectly homogeneous and isotropic universe. However those conservation laws are
restricted to spatially flat (K = 0) Friedmann-Lemaˆıtre spacetimes. In this paper,
we first show that in fact they implement a matching condition between the pre-
and post- transition eras and, in doing so, we are able to generalize them and set
the initial conditions for all K. Finally, in the long wavelength limit, we encode
them into a vector conservation law having a well-defined geometrical meaning.
Pacs : 98.80.Hw, 98.70.Vc, 04.20.Cv
Ref. PRD : DD6306
1 Introduction
Topological defects act in cosmology as “active” sources for the metric and matter per-
turbations in that the linear differential equations for the evolution of these perturbations
are inhomogeneous (in contrast with what happens in inflationary scenarios). Thus the
general solution of the evolution equation for each perturbation mode is the sum of a
particular solution of the complete equation and the general solution of the homogeneous
equation. It depends on integration constants that have to be fixed by the physics which
gave rise to the defects.
One has thus to take into account the fact that the defects appear at a phase transition
in a previously strictly homogeneous and isotropic universe. For scales much larger than
1
the Hubble radius at that time, which are the scales of interest today, the phase transition
appears as instantaneous (in the following we shall use indifferently the words “scales” or
“wavelengths”). A way to fix the initial conditions is therefore to find linear combinations
of the perturbation variables which are constant in time and force them to vanish since
they were strictly zero before the phase transition. It has been shown [1] that, in the
newtonian gauge, the initial conditions are completely fixed by these matching conditions.
In synchronous gauges, for flat (K = 0) Friedmann-Lemaˆıtre spacetimes, and for
“scalar” perturbations (see [2] for the decomposition of perturbations into scalar, vector
and tensor modes), the initial conditions are usually fixed, at least partially (see e.g.
[3], [4], [5], [6])), by means of a “conserved pseudo-tensor” τµν [3], more precisely by the
constraint “τ00 = 0” (the equation of conservation ∂0τ00 = ∂kτ0k ≃ 0 on large scales then
ensures that this constraint is conserved during the evolution [3]).
In this article, we first compare and contrast the implementation of the initial condi-
tions for long wavelength scalar perturbations in both gauges (& 2 and & 3). To do so
we consider a toy model, namely coherent defects in a radiation dominated, spatially flat,
universe. We stress some of the Charybdes and Scyllas of studying its perturbations in
synchronous gauges, and show how the “pseudo-tensor” τµν defined in [3] partially fixes
the initial conditions. We then interpret the condition “τ00 = 0” as a matching condition
between the pre- and post- transition eras. Finally, we show how the newtonian gauge
simplifies the resolution of the evolution equations. In & 4, because we had related it to
a matching condition in the flat case, we can construct a generalized “conserved pseudo-
tensor” in synchronous gauges for K 6= 0 Friedmann-Lemaˆıtre spacetimes. Finally, in &
5, we formalize the definition of this “pseudo-tensor” by means of a well defined vector
conservation law [7] and give it a precise geometrical meaning.
2 Scalar perturbations in synchronous gauges
The line element of a perturbed Friedmann-Lemaˆıtre spacetime reads, when the pertur-
bations are scalar and in synchronous gauges :
ds2 = a2(η)
[
−dη2 +
{
(1 +
1
3
h)γij + 2(DiDj − 1
3
γij∆)E
}
dxidxj
]
(1)
where η is conformal time, a(η) the background scale factor ; γij is the three-metric of the
constant time maximally symmetric surfaces in the coordinate system xi (i = 1, 2, 3) ; Di
is the associated covariant derivative, ∆ ≡ DiDi (latin indices are raised by means of the
inverse metric γij) ; finally h and E are two “small” functions of space and time.
Infinitesimal coordinate transformations which preserve the synchronicity of the gauge
can be performed. They are defined by :
η → η + T , xk → xk + ∂kL (2)
where T and L are two first order functions of η and xi such that
T ′ +HT = 0 and L′ − T = 0 ⇐⇒ T = e0
a
and L = e1 + e0
∫
dη
a
(3)
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where a prime denotes a derivative with respect to conformal time, where H ≡ a′/a and
where e0 and e1 are functions of space only. The two scalar metric perturbations h and
E then transform as
h→ h + 6HT + 2∆L , E → E + L (4)
with T and L given by (3).
The energy-momentum tensor of the matter content of this perturbed universe can be
written as :
Tµν = T¯µν + δTµν +Θµν . (5)
T¯µν (µ, ν = 0, 1, 2, 3) is the energy-momentum tensor of the homogeneous and isotropic
background of radiation and dust ; δTµν is its perturbation : in synchronous gauges,
its scalar components can be expressed in terms of two scalar quantities, δ ≡ δρ/ρ, the
density contrast, and v, the velocity perturbation, as (see e.g. [1]) :
δT00 = ρa
2δ, δT0i = −ρa2(1 + ω)Div, δTij = Pa2
[(
h
3
+ Γ +
c2s
ω
δ
)
γij + 2DiDjE
]
.
(6)
ρ and P are the density and pressure of the background fluid, ω ≡ P/ρ, c2s ≡ P ′/ρ′ and
PΓ ≡ δp− c2sδρ.
Finally Θµν is the energy-momentum tensor of the topological defects. We suppose
that it is a small perturbation which does not contribute to the background. We decom-
pose its scalar components as :
Θ00 = ρ
s, Θ0i = −Divs, Θij = γij
(
P s − 1
3
∆Πs
)
+DiDjΠ
s. (7)
The four source functions ρs, P s, vs,Πs will be discussed later.
The energy and momentum conservation equations for Θµν then read :
ρs
′
+H(ρs + 3P s) + ∆vs = 0 (8)
vs
′
+ 2Hvs + P s + 2
3
∆Πs = 0. (9)
The conservation equations for the fluid are, at linear order (see e.g. [8]) :
δ′ +
1
2
(1 + ω)h′ = −(1 + ω)∆v (10)
v′ +H(1− 3c2s)v = −
c2s
1 + ω
δ. (11)
As for the linearized Einstein equations they can be cast under the form (see e.g. [8] or
[1]) :
−
(
1
3
∆ +K
)
h− +Hh′ = κ(a2ρδ + ρs) (12)
(
1
3
∆ +K
)
h−′ −Kh′ = κ
[
a2ρ(1 + ω)∆v +∆vs
]
(13)
h′′ +Hh′ = −κ
[
a2ρ(1 + 3c2s)δ + (ρ
s + 3P s)
]
(14)
3
(h− h−)′′ + 2H(h− h−)′ − 1
3
∆h− = −2κ∆Πs (15)
where κ ≡ 8πG, G being Newton’s constant, and where the perturbation h− is defined as
h− ≡ h− 2∆E. (16)
Equations (8-15) are eight equations for the four unknowns h, h− (or E), δ and v :
the source functions ρs, P s, vs,Πs, subject to the constraints (8-9) being known, equations
(10-15) must give h, h− (or E), δ and v, two of these equations being redundant. The
four Einstein equations for scalar perturbations (12-15) include two constraints on the
four variables so that the general solution depends on two physical degrees of freedom
which must be fixed by the physics of the problem.
To be complete, let us recall the Friedmann equations for the background
κa2ρ = 3
(
H2 +K
)
, κa2 (ρ+ 3P ) = −6H′. (17)
3 Synchronous gauges inside out
3.1 A toy model : coherent defects in a flat, radiation domi-
nated, universe
To show, on a simple example, how the above system of equations can be solved, we
consider here a radiation dominated universe with flat, K = 0, spatial sections. Hence,
ω = c2s = 1/3, Γ = 0 and, from (17), a(η) ∝ η. Moreover we suppose that we are deep
enough in the radiation era for the perturbations of interest today to be all larger than
the comoving Hubble radius (1/H). Finally we assume that, in that large scale (or long
wavelength) limit, the variables describing the defects take the form
ρs = η−1/2A1, P
s = η−1/2A2, v
s = −η1/2A3, Πs = η3/2A4 (18)
where Ai are four functions (or, rather, four random variables) of space varying on scales
larger than the Hubble radius. Provided that the defect network is coherent, uncorrelated
on scales larger than the Hubble radius and scales with the background (the precise
definition of these properties is given in e.g. [1]), it can be modelled by (18), (see e.g.
[4], [10]). Now, the precise energy-momentum tensor of the network of topological defects
depends on the kind of defects considered and can be obtained only by heavy numerical
simulations (see e.g. [9]). It turns out that, generically, the network is not perfectly
coherent so that ∆Πs, and not Πs itself, varies on scales larger than the Hubble radius.
However such incoherent sources can, in principle, be decomposed into a sum of coherent
sources described by (18) [13].
The conservation equations (8-9) first impose that, in the long wavelength limit (where
we neglect the gradient terms)
A1 = −6A2 and A3 = 2
5
A2. (19)
Then equation (10) and (14) can be rewritten, in the same approximation, using (18) and
(19), as an evolution equation for δ,
δ′′ +
1
η
δ′ − 4
η2
δ = −2κA2η−1/2, (20)
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the general solution of which is
δ = λ0η
2 +
4e0
η2
+
8
7
κA2η
3/2, (21)
where λ0 and e0 are two constants of integration (that is two slowly varying functions
of space). It is usual to call the λ0 term the “growing” mode [4]. Then the continuity
equation (10) yields
h = −3
2
λ0η
2 − 6e0
η2
− 12
7
κA2η
3/2 − 9Ψ0, (22)
Ψ0 being a new function of integration. The Euler equation (11) then gives v,
v = −λ0
12
η3 +
e0
η
− 4
35
κA2η
5/2 + λ1, (23)
λ1 being another function of integration.
At this stage of the resolution we are left with the problem of determining the sec-
ond scalar perturbation of the metric (either h− or E) with one of the three remaining
equations (12), (13), (15). For instance, the resolution of (15) yields
E = −e1 − e0 ln η + 1
80
λ0η
4 − Ψ0
4
η2 − Ψ1
η
+
4
441
κ (7A4 − 2A2) η7/2, (24)
e1 and Ψ1 being yet two other integration functions.
On the six integration functions that have been introduced, namely λ0, e0,Ψ0, λ1, e1,
and Ψ1, two of them (e0 and e1) can be eliminated by a gauge transformation (see eq. 3).
This means that the two remaining Einstein equations (12) and (13) are not identically
satisfied, but, rather, should give two constraints on the remaining four integration con-
stants, leaving out the two physical degrees of freedom. This task requires however some
shrewdness since the gradient terms in (12) and (13) cannot be simply disposed of.
In [3] another route was therefore pursued. First a “conserved pseudo-tensor” τµν
defined by [11]
κτ00 ≡ κ (δT00 +Θ00)−Hh′, κτ0k ≡ κ(δT0k+Θ0k), κτkl ≡ κ(δTkl+Θkl)−H(h′kl−h′δkl)
(25)
was introduced. This quantity is indeed conserved, in that τ ′0i = ∂jτij and τ
′
00 = ∂jτ0j
provided Einstein’s equations (8-17) are satisfied. It has then been widely used (see e.g.
[3], [4], [5], [6]) to fix the initial conditions, that is to determine the value of some of the
arbitrary functions of space previously introduced. The line of the argument is that since
the defect network is uncorrelated on scales larger than the Hubble radius, τkl must be
white noise on large scales, that is that its components, like the source functions Ai, must
be functions of space varying on scales larger than the Hubble radius. Now, from the
conservation laws one gets that τ ′′00 = ∂ijτij . Hence, if τ00 and τ
′
00 are continous through
the phase transition, then τ00 is second order in the gradients, i.e.
τ00 = 0 (26)
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on large scales. Now, from the definition (25) and the expressions (6), (7) for δTµν and
Θµν , we have
τ00 =
3
η2
δ − 6A2√
η
− h
′
η
= 6λ0 (27)
(using the solution (21) and (22) for δ and h). Therefore the integration function λ0
is second order in the gradients and must be set equal to zero. Thus the use of the
“conserved pseudo-tensor” (25) eliminates the “growing” mode of the density constrast
δ.
As for the other integration functions Ψ0, Ψ1 and λ1 entering the solutions (22), (23)
and (24) for h, v and E (e0 and e1 just reflect the non-unicity of synchronous gauges)
they are usually [3] chosen by assuming continuity through the phase transition, that is
set equal to zero.
3.2 Matching conditions in synchronous gauges
The choices made above to fix the functions of integration (that is to impose the continuity
of τ00, h and v and E) must be justified. The question is therefore to determine which
quantities are indeed continuous through the phase transition. This has been studied
in detail in [1]. For perturbations varying on scales larger than the Hubble radius the
phase transition which is at their origin looks instantaneous and the matching conditions
between the pre- and post- transition eras are the standard ones : the induced three-
metric on, and the extrinsic curvature of the surface of transition, which is taken to be a
surface of constant density, must be continuous.
In synchronous gauges, these matching conditions translate as [1] (we give them for
all K)
[
h− +
2
3(H2 +K)(1 + ω)
(
κa2ρδ + κρs
)]
±
= 0 (28)
[
HE ′ + 1
9(H2 +K)(1 + ω)
(
κa2ρδ + κρs
)]
±
= 0 (29)
[
Hh−′ −
(
1− 2
3
K
(H2 +K)(1 + ω)
)(
κa2ρδ + κρs
)]
±
= 0 (30)
where [F ]± ≡ limǫ→0+ (F (ηPT + ǫ)− F (ηPT − ǫ)), ηPT being the conformal time at which
the transition occurs. Two useful linear combinations will turn out to be[(
1− 2
9
1
(H2 +K)(1 + ω)∆
)(
κa2ρδ + κρs
)
−Hh′ +Kh−
]
±
= 0 (31)
[
h− − 6HE ′
]
±
= 0. (32)
3.3 Pseudo-tensor and matching conditions
Let us now study the implications of these general matching conditions when applied to
our toy model.
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First, equation (31), when particularized to a radiation background, large scale fluc-
tuations and flat spatial sections, is nothing else than the condition of continuity of τ00.
This justifies the assumption (26) and hence the choice λ0 = 0 (see (27)).
In order now to assess the validity of the other choices made (continuity of h, v and
E), we shall turn to the newtonian gauge. Indeed, (32) implies, in our toy model, that
[
h− − 6
η
E ′
]
±
= 0 (33)
and thus that, see (16)
h− = O(E), h = O(h−). (34)
A natural set of variables to solve Einstein’s equations (8-15) is then (h−, E) or (h,E),
but not ((h−h−), h). Now, it also makes sense to find a combination of the perturbations
variables such that the set of equations (10-15) reduces to a master equation and to
five algebraic equations, two of which being truly redundant, and not, as is the case in
synchronous gauges, constraints on integration constants. Such a combination is known
and amounts to working in the newtonian gauge [2]. Indeed, defining
Ψ ≡ −h
−
6
+HE ′, Φ ≡ −E ′′ −HE ′, δ♯ ≡ δ + 3H(1 + ω)E ′, v♯ ≡ v + E ′, (35)
(with H = 1/η and ω = 1/3 for our toy model) it is easy to show that (10-15) reduce to
(see e.g. [1]) :
δ♯
′
= −4
3
∆v♯ + 4Ψ′ (36)
v♯′ + Φ +
1
4
δ♯ = 0. (37)
Ψ− Φ = κΠs (38)
∆Ψ =
3
2η2
(
δ♯ − 4
η
v♯
)
+
κ
2
(
ρs − 3
η
vs
)
(39)
Ψ′ +
1
η
Φ = − 2
η2
v♯ − κ
2
vs (40)
Ψ′′ +
4
η
Ψ′ − 1
3
∆Ψ = κ
(
1
3
∆Πs +
Πs
′
η
+
1
2
P s − 1
6
ρs
)
. (41)
The sources being known, the integration of (41) gives Ψ in function of two integration
constants. Then Φ, v♯, and δ♯ follow algebraically from (38), (40), and (39), that is
without introducing new constants. More precisely the solution of this system is (see [1])
Ψ = Ψ0 +
Ψ1
η3
+
2
9
κη3/2(A4 + A2), Φ = Ψ0 +
Ψ1
η3
+
1
9
κη3/2(2A2 − 7A4), (42)
δ♯ = −2Ψ0 + 4Ψ1
η3
+
8
9
κη3/2(A2 +A4), v
♯ = −1
2
ηΨ0 +
Ψ1
η2
− 2
45
κη5/2(4A2 − 5A4). (43)
Only two integration “constants”, Ψ0 and Ψ1, are introduced (and not six as is the case
when working in synchronous gauges), so that the conservation equations (36) and (37)
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are identically satisfied. Note that in the newtonian gauge, the “growing” mode is the
term proportional to Ψ0 (and is not the same as the synchronous growing mode which is
proportional to λ0, see (21)).
Now the relations (35) can be inverted to compute h, h−, δ and v. Since one has to
solve two differential equations to do so, two functions of space appear, which can be
identified with e0 and e1, and the comparison of (42) and (43) to (21-24) tells us that
λ1 = 0 and λ0 = 0, (44)
at lowest order in the gradients, which justifies the assumption of continuity of v, and,
again, τ00 (τ00 = 0 for large scales being nothing more than a rewriting of (39)).
Finally, the two constants Ψ0 and Ψ1 correspond to the two physical degrees of freedom
and are determined by the matching conditions. They turn out not to be zero, but the
terms proportional to them in (42), (43) become nevertheless quickly negligible (see [1]).
Hence the assumptions that h and E be continuous are therefore asymptotically valid.
To conclude, working in synchronous gauges introduces additional integration func-
tions which render the resolution of the perturbation equations slightly cumbersome. A
solution to get rid of these spurious functions is to go to the newtonian gauge where
the perturbation variables are such that the set of equations (10-15) reduces to a unique
master equation and algebraic equations, two of which are redundant if the others are
satisfied. The matching conditions at the surface of transition then fixes the two physical
functions and justify the use of τ00 to eliminate the synchronous “growing mode” (i.e. λ0),
and the assumptions of continuity of v and (approximately) h and E. Now, no gauge is
perfect : when the sources are incoherent, Πs in the right-hand-side of (41) is a non local
term.
4 Generalization to universes with hyperbolic sec-
tions
We now turn to universes with hyperbolic hypersurfaces (K = −1). We will first work in
the newtonian gauge and then generalize the concept of “pseudo-tensor”.
When the spatial sections are hyperbolic, the curvature generates a new length scale
on top of the comoving Hubble or horizon scale (RH = 1/H), which is the comoving
curvature scale (RC = 1). As follows from (17), the curvature scale is larger than the
horizon scale
RH < RC . (45)
We are interested in all scales L that were larger than the horizon scale at the phase
transition. They fall in three categories : (I) those which entered the horizon between
the phase transition and today (i.e. L ≤ RH0), (II) those which have not yet entered the
horizon but are subcurvature (i.e. RH0 ≤ L ≤ RC), (III) those which are supercurvature
(i.e. L > RC).
4.1 Newtonian gauge
As we have seen, the introduction of the newtonian gauge perturbations (35) was useful
to keep to a minimum the number of integration functions. The generalization to K 6= 0
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spacetimes governed by a mixture of fluids of the master equation for Ψ (41) is (see e.g.
[8])
Ψ′′ + 3(1 + c2s)HΨ′ + [2H′ + (H2 −K)(1 + 3c2s)]Ψ− c2s∆Ψ = S (46)
where S is a source involving the variables describing the topological defects, whether
they satisfy (19) or not. Equation (46) is closed, in the sense that S is a known function
of time, only in the case when the background is governed by a single fluid. In the general
case of a multi-fluid system, one has to add a set of equations for the relative entropies
which enter S (see [8]). However, on super-horizon scales, all these entropies turn out
to be constant so that the multi-fluid can be described as a single one and the equation
is again closed. In this paragraph, we therefore restrict our attention to modes which
have not yet entered the horizon that is such that (L > RH0), i.e. from categories II and
III. For those modes, it is easy to show that the term c2s∆Ψ is negligible compared to
(H2 −K)Ψ in the regime when H2 is of order K (see Appendix 1).
Equation (46) can then be rewritten under quite a compact form as
χ′ =
H
H2 −H′ +KS, (47)
where we have introduced instead of Ψ the new variable χ defined by
χ ≡ H
2
H2 −H′ +K
1
a2
(
Ψa2
H
)′
. (48)
The general solution of (47) can be written formally as
χ = χ0 +
∫ η
dη¯
H
H2 −H′ +KS (49)
where χ0 is an integration constant, that is a slowly varying function of space only.
Inverting equation (48), we can therefore write the general solution of equation (46) on
superhorizon scales as
a2
HΨ = χ1 − χ0
∫ η
dη¯ a2
H2 −H′ +K
H2 −
∫ η
dη¯a2
H2 −H′ +K
H2
∫ η¯
dη˜
H
H2 −H′ +KS (50)
where χ1 is another integration function. χ0 and χ1 are determined by the matching
conditions as in the flat case (in which case they are proportional to Ψ0 and Ψ1).
(Note that in the absence of the source term S, as is the case in inflationary models,
χ generalizes Lyth’s variable ζ [14] to Friedmann-Lemaˆıtre spacetimes with hyperbolic
spatial sections. Its constancy on superhorizon scales (equation (49)) can then be used to
compute, by means of (50), the amplification of Ψ in open inflationary models.)
As for the other perturbations, they are given algebraically by
Φ = Ψ− κΠs, v♯ = − 2
3(H2 +K)(1 + ω)
(
Ψ′ +HΦ + κ
2
vs
)
,
δ♯ =
1
3(H2 +K)
{
κ(ρ2 − 3Hvs)− 6H(Ψ′ +HΦ)
)
}. (51)
(which generalize equations (38) (39) (40) (41)). The solution depends only on the two
integration functions χ0 and χ1, and the continuity and the Euler equations are identically
satisfied.
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4.2 Synchronous gauges
Provided we have solved the equations of the background (17), the set of equations (10, 11,
14) can be solved as in the section 3.1. However, the question is then to find a prescription
to fix the coefficient of the synchronous “growing mode” of the density contrast (i.e. the
equivalent of the constant λ0 in (21)). For that purpose, we will generalize τ00.
If we note that, when K = 0, τ00 = 0, τ00 being given by (25), is in fact a way to write
the matching condition (31) at lowest order, a straightforward generalization of τ00 is
κτ00 ≡ √γ
{
κδT00 + κΘ00 +Kh
− −Hh′
}
(52)
where γ is the determinant of the 3-metric γij . Indeed, if we introduce
κτ0k ≡ √γ {κδT0k − 2K∂kE ′} , (53)
it can easily be checked, using the Einstein equations (12, 13), that τ0ν is conserved, in
the sense that
∂0τ00 = ∂kτ0k. (54)
Now, the matching condition (31) imposes that initially
τ00 = 0 (55)
at lowest order on superhorizon scales. Furthermore (54) implies that τ00 remains zero at
all times for superhorizon modes. Thus (55) is a way to eliminate at all times the spurious
growing mode in the solution for the density contrast δ.
5 The matching conditions in terms of a vector con-
servation law
In the previous section we have encoded part of the matching conditions into a quantity
τ00, the geometrical status of which is not defined. We show here that for long wavelength
modes, it can be interpreted in terms of a conserved vector related to a symmetry of the
background. For that purpose, we briefly describe the formalism we use and then apply
it to our problem.
5.1 General Formalism
A general formalism was developped by Katz-Bicˇa´k-Lynden Bell [7] to define conserved
quantities and conservation laws in an arbitrary spacetime (M,gµν). This generalizes the
work by Bergmann who defined conservation laws with respect to a flat background [15].
The formalism involves the introduction of a background (M¯,g¯µν) and a mapping, i.e. a
way to identify points ofM and M¯.
The central idea is that one can construct a lagrangian for the gravitational field,
quadratic in the covariant derivatives of the metrics and normalized so that it vanishes
on the background (i.e. when M = M¯), which is a true scalar density. From this
quantity, one can therefore build vectors densities Iˆµ, which are conserved in the sense
that ∂µIˆ
µ = 0.
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The detailed construction of the vector densities Iˆµ and the demonstration of their
properties can be found in [7]. We will just sum up the relations which will be useful and
fix the notations. The conserved vector field density Iˆµ is given by
κIˆµ ≡
[(
Gˆµν − ¯ˆG
µ
ν
)
+
1
2
lˆρσR¯ρσδ
µ
ν + κtˆ
µ
ν
]
ξν + κσˆµ[ρσ]∂[ρξσ] + κZˆµ(ξν), (56)
where ξµ is an arbitrary vector field. For any quantity A, Aˆ denotes
√−gA, g being the
determinant of the metric gµν , and A¯ the value of A on the background. Gˆ
µ
ν and
¯ˆ
G
µ
ν are
the Einstein tensor densities of the spacetime and of the background, lˆµν is the difference
of the two metric tensor densities,
lˆµν ≡ gˆµν − ¯ˆgµν ,
R¯µν is the Ricci tensor of the background spacetime. Introducing
∆λµν ≡ Γλµν − Γ¯λµν ,
where Γλµν and Γ¯
λ
µν are the Christoffel symbols of the spacetime and of the background,
as well as ∇¯µ and ∇µ the two covariant derivatives associated with g¯µν and gµν , the
expressions for tˆµν , σˆ
µ[ρσ] and Zˆµ(ξν) are
2κtˆµν = gˆ
ρσ
(
∆λρλ∆
µ
σν +∆
µ
ρσ∆
λ
λν − 2∆µρλ∆λσν
)
+gˆµρ
(
∆σλσ∆
λ
ρν −∆σσρ∆λλν
)
− gˆρσ
(
∆ηρσ∆
λ
λη −∆ηρλ∆λησ
)
δµν (57)
(this term reduces to the Einstein pseudo-tensor density when the background is Minkowski
spacetime in cartesian coordinates),
2κσˆµ[ρσ] =
(
lˆµ[ρg¯σ]λ − g¯µ[ρlˆσ]λ
)
∆νλν − 2lˆλ[ρg¯σ]ν∆µλν (58)
(where [] means antisymmetrization), and
4κZˆµ(ξν) =
(
Zµρ gˆ
ρσ + gˆµρZσρ − gˆµσZ
)
∆λσλ
+
(
gˆρσZ − 2gˆρλZσλ
)
∆µρσ + gˆ
µλ∂λZ + gˆ
ρσ
(
∇¯µZρσ − 2∇¯ρZµσ
)
, (59)
where Zρσ and Z are given by
Zρσ = Lξg¯ρσ = 2∇¯(ρξσ) and Z = Zρσg¯ρσ (60)
(where () means symmetrization).
Let us emphasize that the relation
∂µIˆ
µ = 0 (61)
is an identity which holds for all (gµν , g¯µν , ξ
µ). The vector field ξµ can be seen as
generating an infinitesimal change of coordinates : contrarily to special relativity, one can
build an infinite numbers of conserved vectors corresponding to all reparametrizations.
These conserved vectors are useful to write integral conservation laws (known as “strong
conservation laws”). When ξµ is a Killing vector field of the background, these strong
conservation laws are called “Noether conservation laws”, i.e. conservation laws related
to a symmetry.
We also stress that up to now, we have done no linearization; the case when M is a
“small perturbation” of M¯ is considered in the next section.
5.2 Conserved vectors in a perturbed Friedmann-Lemaˆıtre space-
time
We now apply this general formalism to perturbations in cosmology. The manifoldM is a
perturbed Friedmann-Lemaˆıtre universe and the background is taken to be a Friedmann-
Lemaˆıtre spacetime, as it is usual in the theory of cosmological perturbations. Let us note
that other choices for the background can be made, for instance de Sitter spacetime (see
e.g. [16]). The line element ofM can then be written as
ds2 ≡ gµνdxµdxν = (g¯µν + hµν) dxµdxν , (62)
where hµν is a “small perturbation”.
We can now linearize equation (56). A first step yields [7]
κIˆµ =
√−g¯
[
δGµν +
1
2
(
R¯µν δ
σ
ρ − R¯σρδµν
)
hρσ
]
ξν + κZˆµ +O(h2). (63)
The second step is to linearize Zµ. To do that we need to specify the arbitrary vector
field ξµ. As discussed before the relation ∂µIˆ
µ = 0 is valid whatever field we use. However
Killing vectors of the background (such that ∇¯(µξν) = 0) are of special interest since they
are related to symmetries and have a geometrical interpretation. Unfortunately the six
Killing vectors of the Friedmann-Lemaˆıtre background lay in spacelike hypersurfaces and
cannot generate any quantity related to time translation, that is to energy. Now, we know
that when two spacetimes are conformal, the Killing vectors of one of the spacetimes are at
least conformal Killing vectors (that is such that ∇¯(µξν) = 14 g¯µν∇¯ρξρ) of the other [17]. We
also know that the Friedmann-Lemaˆıtre spacetimes are conformal to Einstein, Minkowski
and de Sitter spacetimes [18], each of which has a Killing vector field associated with
time translation that induces a conformal Killing vector field on the Friedmann-Lemaˆıtre
spacetimes. In the following, we shall use one particular conformal Killing vector to
generalize the symmetry under time translation. Let us first construct this vector field
explicitely.
The background metric being written as
ds¯2 ≡ g¯µνdxµdxν = a2(η)
[
−dη2 + γijdxidxj
]
with γij = δij +K
δimδjnx
mxn
1−Kδmnxmxn (64)
where γij is the spatial metric in Weinberg’s coordinates [19], we choose the conformal
Killing vector defined by
ξµ = δµ0 , (65)
which is a Killing vector of Einstein static spacetimes, i.e. obtained by setting a = 1 in
(64). This vector is associated with translations in cosmic time, i.e. in the proper time
of a comoving observer of the Friedmann-Lemaˆıtre background. Other conformal Killing
vectors could have been used (for instance the one associated with the conformity to de
Sitter spacetime, see e.g. [16]), but (65) is the useful one for the law we want to generalize.
The vector ξµ having thus being chosen, we can now linearize Zµ. We see from equation
(60) that Zµ vanishes for any Killing vector field. For any conformal Killing vector field
equation (59) gives after linearization [7],
8κZµ = (hg¯µρ − hµρ) ∂ρZ − Z∇¯ρ (hg¯µρ − hµρ) , (66)
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with h = hµν g¯
µν and Z given by equation (60).
Let us now, as a third step, specialize to scalar perturbations, that is to the sub-class
of perturbations in synchronous gauges as defined in (1). We now have all the elements to
compute the conserved vector associated to the conformal Killing vector field (65). One
can first easily show that
Zµν = 2Hgµν and Z = 8H, (67)
and a straightforward calculation then yields :
κIˆ0 = a4
√
γ
[
κδT 00 + κΘ
0
0 −
K
a2
h+
H
a2
h′
]
κIˆk = a4
√
γ
[
κδT k0 + κΘ
k
0 +
H
a2
(Dlhkl −Dkh)
]
, . (68)
In synchronous gauge (68) can be written in terms of E and h as
κIˆ0 = −a2√γ [κ (δT00 +Θ00) +Kh−Hh′]
κIˆk = a2
√
γ
[
κ (δT0k +Θ0k) + 2Hγkl∂l
(
E − 1
3
h−
)]
, (69)
It is clear that the identity (61) with Iˆµ given by (68) or (69) is a consequence of the
Einstein constraint equations (12-13), but a useful one as we shall see.
5.3 Encoding the matching conditions in a conserved vector
field
Comparing the expression of τ00 (52) and τ0k (53) to Iˆ
µ (69), and recalling that h = h−
on superhorizon scales, we have that, in that limit :
τ00 = − Iˆ
0
a2
, ∂kτ0k =
1
a2
[
∂kIˆ
k + 2HIˆ0
]
. (70)
Thus, for superhorizon scales, the matching condition (31) can be encoded in the compo-
nents of a conserved vector field related to a symmetry since
[τ00]± = 0 ⇐⇒
[
Iˆ0
]
±
= 0. (71)
This enables us to relate τµ0, in the long wavelength limit, to a vector field built with the
conformal Killing vector field ξµ associated with time translation. In fact the construction
of τµν uses in an obvious way the fact that a Friedmann-Lemaˆıtre universe with flat spatial
sections is conformal to Minkowski spacetime (see Verraraghavan and Stebbins [11] section
VI and Pen et al. [3] section IV-F).
τ00 is often referred to as a “pseudo-energy” [4]. Our construction can justify such a
denomination since it is related to a symmetry involving time translation.
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Appendix 1
We compare the terms c2s∆Ψ and (H2 − K)(1 + 3c2s)Ψ in equation (46) for modes of
characteristic length L (i.e. such that ∆Ψ ∼ Ψ/L2) in a universe with hyperbolic spatial
sections (K = −1) and dominated by a mixture of radiation (subscript r) and dust
(subscript m).
Using the fact that P = Pr and ρ = ρm+ ρr, we can relate the sound speed c
2
s ≡ P ′/ρ′
to the energy density of the radiation and the dust by
c2s =
1
3
1
1 + 3
4
ρm
ρr
. (72)
If we now introduce x ≡ a/a0 and ΩX0 ≡ κρX0 /3H20 (where a subscript 0 means that we
evaluate the quantity today and X stands for either r or m), and use the Friedmann
equation (17), we have that
c2s∆Ψ≪ (H2 −K)(1 + 3c2s)ψ ⇐⇒ L−2 ≪ 3
(
1 +
3
4
x
Ωm0
Ωr0
)(
2 +
Ωm0
1− Ω0
1
x2
[
x+
Ωr0
Ωm0
])
.
(73)
All modes belonging to the categories (II) and (III) are such that
L−1 < R−1H0 . (74)
Therefore, the inequality (73) is satisfied for all x such that
1 +
Ωr0
1− Ω0 ≪ 3
(
1 +
3
4
x
Ωm0
Ωr0
)(
2 +
Ωm0
1− Ω0
1
x2
[
x+
Ωr0
Ωm0
])
. (75)
For Ωm0 ∼ 0.2, it is easy to see that this inequality is satisfied for all x in ]0, 1].
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